@ https://ntrs.nasa.gov/search.jsp?R=19690022283 2018-07-24T17:47:38+00:00Z

General Disclaimer

One or more of the Following Statements may affect this Document

e This document has been reproduced from the best copy furnished by the
organizational source. It is being released in the interest of making available as
much information as possible.

e This document may contain data, which exceeds the sheet parameters. It was
furnished in this condition by the organizational source and is the best copy
available.

e This document may contain tone-on-tone or color graphs, charts and/or pictures,
which have been reproduced in black and white.

e This document is paginated as submitted by the original source.

e Portions of this document are not fully legible due to the historical nature of some
of the material. However, it is the best reproduction available from the original
submission.

Produced by the NASA Center for Aerospace Information (CASI)



l JUNE 17,1969

IR Swmeem e—

l

(DS TECHNICAL REPORT 69-3 S ———

M. SLEMROD AND E. F. INFANTE

FASILITY FORM 02

AN INVARIANCE PRINCIPLE FOR DYNAMICAL

TO THE GENERAL PROBLEM OF
STABILITY

CENTER FOR DYNAMICAL SYSTEMS

NG9-31661

e

(ACCESSION NUMBER)

A /
A7 053¢ f 5

(NASA CR OR TMX OR AD NUMBER)

\CATEGORY)

SYSTEMS ON BANACH SPACE: APPLICATLION
THERMOKLASTIC




e

£
£

' i AN INVARIANCE PRINCIPLE FOR DYNAMICAL SYSTEMS ON BANACH SPACE:
APPLICATION TO THE GENERAL PROBLEM OF THERMOELASTIC STABILITY+

b
1 by
s
 :
15
’ M. Slemrod
& and
s_;_ { E. F. Infante
. Center for Dynamical Systenms
e Division of Applied Mathematics
: Brown University
L Providence, Rhode Island

+This research was supported in part by the National Aeronautics and Space
Administration, under grant NGL-40-002-015, and art by the United
States Army, Durham, under contract DA-31-124-ARO{D}-270.,

it i!mm"m"ﬂ“'!ﬂ‘!”il“ e s




»a‘,‘r .

T

T O 1 5

A AR TR

e

RSl

N o

|

Fecisrredd

i

Yoot

"
it v s o

AN INVARIANCE PRINCIPLE FOR DYNAMICAL SYSTEMS ON BANACH SPACE,
APPLICATION TO THE GENERAL PROBLEM OF THERMOELASTIC STABILITY

M, Slemrod and E. F, Infante

1. Introduction

Elastic stability is usually discussed from strictly mechanical con-
siderations, Recently, however, attempts have been made to analyze the
influence of the usually neglected thermodynamic properties of elastic
materials. More specifically, one may ask what effects the second law of
thermodynamics has on the asymptotic stebility of equilibrium of thermo-
elastic materials,

KOITER [1l] has studied the general nonlinear thermoelastic problem,
and for materials with internal friction he obtains asymptotic stability of
the equilibrium solutions, ERICKSEN [2] has posed the question as to the
asymptotic stability of the equilibrium solutions of elastic materials with-
out imposing the assumption of internal friction, DAFERMOS [3] answered this
question to some degree by obtaining a description of the states that the
material approaches as t — o,

This same question is studied here in a more general setting than was
done by SLEMROD [k4] , but in the same spirit{ it is shown that the results of

[3] can be obtained as a simple application of an invariance principle for

abstract dynamical systems [4,5].

2, Mathematical Preliminaries

The principal analytical tool to be used is a generalization due to
HALE [5] for abstract dynamical systems of the well known invariance

principle of LASALLE [6] for ordinary differential equations, The following
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brief presentation of this tool emphasizes notation and concepts to be used
in studying the problem of thermoelastic stability,
Let K = [0,m) and let 4 be a Banach space with norm ||¢||g for

¢ ¢ 4. Then,

Definition 2,1, u is a dynamical system on a Banach space P if u

is a function ul K x @ -4  such that u is continuous, u(0,¢) = 9,
u(t+t,9) = u(t,u(r,?)) for ail ¢,720 and all ¢ in 4, The positive

orbit 0'(¢) through ¢ in @ is defined as O (¢) = {J u(t,¢). A point
- £20

v in 4 is an equilibrium point if 0+(\y) = V.

This set of definitions simply generalize familiar notions from the

theory of differential equations to dynemical systems,

Definition 2,2, A set M in 4 is a positively invariant set of

the dynsmical system u if for each ¢ in M, O' (0) C M.

Definition 2,3, A set M in @ 1is an invariant set of the dynamical

system u if for each ¢ in M there exists a function U(s,¢), U(0,¢) = ¢
defined and in M for 8 € (-®,w) and such that u(t,U(s,®)) = U(t+s,0) for
all teR.

Definition 2,2 is well known, The second definition is used to extend
backward in time those solutions of the dynamical system which lie in an in-
variant set, It is clear that if a set M is invariant it is positively

invariant but the converse is, in general, false.
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Definition 2,4, If u is a dynamical systemon @ and V is g

continuous scalar functional on %, define the functional
iy 1
v(e) = TIm £ [V(u(t,)) - V(e)].
0

Then

Definition 2,5, Vi 4 - R is said to be a Liapunov functional on a

set G in 4 if VvV 4is continuous on 'C':, the closure of G, and if
V(¢) sO for ¢ in G. Furthermore, denote by S the set S= (¢ in
G|V(¢) = 0} and let M be the largest invariant set in S for the dynemical

system u. With these definitions it is then possible to provel

Theorem 2,1 (HALE [5]). Let u be a dynamical system on L. ItV

is a Liapunov functional on G and a positive orbit 0+(¢) belongs to G and
is in a compact set of # then u(t,¢) »M as t -,

It is self-evident that in applications to the problem of asymptotic sta-
bility of an equilibrium point V¥ it is necessary to show that M = {¥}. More-
over, it should be emphasized that the usefulness of this theorem in applications
depends on the very relaxed assumptions imposed on the Liapunov functional V
and its derivative \.I. These conditions should be compared to the much stronger

conditions imposed by standard asymptotic stability theorems (see, for example,

PARKS [T]).

3, Constitutive Equations of Linear Thermoelasticity

A material point is identified by x = (xl,xa,:%) in its state of .
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quilibrium (no stresses, constant temperature = yb). The displacement field
at some time ¢ following an initial disturbance at time ¢ = 0 4is given by
u(x,t) and the temperature deviation by T(x,t); P(x) denotes the density
at x in the equilibrium state,

Iet Q be an open, bounded, connected set in E> which is properly
regular [8]; let X denote the boundary of Q. The constitutive equations

of thermoelasticity are taken then in the form
Py, = (Cijkzuk,z),j - (mijT),j’ (3.1)
pCDT AT (KijT,j),13 (3.2)
where body forces and heat sources have been excluded. In these equations

Cijkz = chkl = ckzij, mij = ji’ Kij = Kji and CD, p, Cﬁu’ mij and

K are assumed to be smooth functions of X

iJ
Let now to > 0. By a classical solution of the mixed initial-boundary

value problem in Q X (O,to) we mean a pair (u,T) satisfying equations

(3.1) and (3.2) together with the boundary conditions

u=0 on o0 X (O,to) (closed boundary), (3.3)

T=0 on M x(0,t)) (constant temperature); (3.4)

and with initial conditions

(u(x,0),8(2,0), T(x,0)) = (u(x), &(x), T (%), (3.5)

where Eb(ﬁ)’ Eo(ﬁ) and To(i) are given functions on Q.

4, The Thermoelastic Problem as a Dynamical System

In this section we show, by recalling some results of DAFERMOS [3],
that the generalized solutions of the mixed initial boundary value problem

described above can be viewed on an aprropriate Banach space as a dynamical
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system (ZUBOV [9]). Once this is done, the application of Theorem 2,1 per-

mits us to draw immediate conclusions on the asymptotic behavior of the solu-

tions of our problem.

Consider the Sobolev spaces w(ak)(a) and wég)(n), k=1,2,...

(see, for instance SOBOLEV [10, 11], AGMON [12]). Assume that

ess inf p(x) >0, ess inf C.(x) >0, (4.1)
Q

9}
Kﬁ §i§j - °1§1§:j’ C, >0 constant, (4.2)

b

(a reformulation of the Clausius-Duhem inequality; LANDAU and LIFSHITZ [13])

1
and for all v, € wgo)(n)

dx z C dx, C, >0 constan{{L,3)

Ta®s5xa¥1, 3%k, 292 & CalqVy, 5¥1,59% Co
a general property of the tensor of the elastic modulii for infinitesimal elas-
ticity (TRUESDELL and NOLL [14]).

Define now the spaces H (9) ~ g%)(n) X La(ﬂ) X L2(9) with norm
|(vi i, R)l = fn[pwi *C 13%eV1 3 k . +ic-]->ﬁ Jax and H(Q) =W(l)(ﬂ) X
(l)(ﬂ) X w(l)(n) Define the map P: HO(Q()) ogt Hl(n) sending (v W. R) €
HO(Q) onto (ui’vi,T) € Hl(ﬂ) C H(Q) where (ui,T) € w(l)(n) X W(l)(ﬂ) is

defined by the solution off the system
[aCiykg¥x, o0, 8% = ~[olew;5 + my 476, Jlax
fnxi;jT-,j-D,idi = [oleCR + my 7oy, 430 2
for every D 6, € W( 1) (8). The mapping P is linear, well defined on HO(Q)

and one to one, Hence, defining Pm=P°P° w® P let %(ﬂ) denote the range
-1
of the map P . It is clear that P~ exists and maps %(‘7) onto Ho(n).

Let ¥ € H (Q) and define [¥] = 'P;l"d o+ Thens
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Lemme 4,1 (DAFERMOS [3]). H_ 1is a Banach space with norm "‘m‘
H (8) D H(R) D ... DH () algebraically and topologically. Furthermore,
H (0) is dense in H,(Q) for m > £ and the imbedding Is Hy(R) - H,(A)
is compact.

Let us now define appropriately a generalized solution of our prob-

lems

Definition 4,1, (u, & T) will be calleu a generalized solution
H ’

of (3.1) - (3.5) on & x (0,t]) if for all smooth test functions (v, R) with
H

compact support on  and vanishing on Q X O.

t

[+] .
[o Tal(t-tdUoty¥y = Cy g pu J¥y g+ my 70y 5+

pC ¢y 4
D _.
+-§TR.+ mi;]ui,jR] + pﬁiﬁi + p?o-TR +
(4.4)

+m, 0 - l—[t(K ) T dt}dxdt =

1, 7 o, 0, o )

DCD
- 4O 9 dx
- tofﬂ[puoivil =0 * 'ro"ToRl ga0 * gl Rlemol
With this definition it follows thats

Theorem 4,1 (DAFERMOS [3]). Under assumptions (4.,1) - (4.3) the

triple (ui \'zi T) describes a dynamical system on Hm(ﬂ), m=0,1,2,...,
» H4

where (ui ﬁi T) is the generalized solution to the equations of linear
’ ’

thermoelasticity satisfying equation (4.4), Furthermore, for t in (o,to)

(ug 8 1(8)|2 + 278k, alPe(M axer
2 2 o ’ ’

L.5)
> (
= (uio,ﬁio,To)lm

where T(m)(i,t) denotes the generalized mth derivative in time of T(x,t).

5. Btability Analﬁis

The problem of thermoelastic stability has now been put in a setting

[t
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appropriate for the application of Theorem 2.1, which allows us to obtain
stability results in a simple and direct manner,
For this purpose, fix m & 1.' Then, by Theorem 4,1 and (4.5) it
follows that for any initial data in Hm(n) the trajectory (ui ﬁi’T)(t)
1
will lie in a bounded set of nm(n) for any t > 0. Hence, by Lemma 4,1 the
trajectory remains in a compact set G of H z(n), £ <m. But then all the hy-
pothesis of Theorem 2.1 are met with & = H,(Q). For simplicity let £ =0
and V = l(ui ﬁi T)Ii. From (L4.2) and (4.5) it immediately follows that
» L
. 1 2
2 - - S -

\/ TOIQKiJT, iT, 59X csllTllLe, ¢c; > 03 therefore the set $ 1is the set
S = {(u 9, 1) e (Q) | ITl. =0}. Le* now M' be the largest positively

y 1 ° L,
invariant set in S, By the definition of generalized solution (4.l4) it

L,

now v, =0 in (4.4) it follows that for (u1 \'11 T) € M* it is necessary
s ?

follows that M’ = {(u, & T) e H (@) | ||T(+,v)ll; =0 for % 2z0). Choosing
1 ?
that
Yo, a4
fo jQ E%{(t-to)R]miJui’jqidt = -tofﬂmijuoi jR ax
2

for every test function R. Choosing this function as R(x,t) = w(t)n{x)

where n(x) 1is an arbitrary test function and aft) dis the ¢ "bump”

function of Serrin [15], it follows that

Iﬂmij(ﬁ)ui,a(bt)di = ‘[Qmij(x)uOi’j(x)dl’ t20

for (uy ﬁi ™ in M, Hence, Theorem 2,1 applied to this context yields the
? ’

desired results

Theorem 5,13 For eny initial data (u_,4 ,T) in H,nzl, and
- ©" O
under assumptions (4.1) - (k.3) (ui'ﬁi’T)(t) approaches asymptotically the set

(Coys93,8) € W) () X 1(0) x Lo (@)] fymyy(0)v, (0)ax = [ (Du. (w0,
’ = i,j -

t 20, R =0} 4in the norm of the space w‘,(eg') X Le(n) X Ly(8).

sl
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